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Simple expressions are derived for the diffraction intensities given by coherently diffracting regions 
of a crystal in which the lattice is elastically bent, on the assumption that the amount of bending 
within such a region is small. Evidence is provided that under normal experimental conditions the 
geometric coherence of the incident radiation is usually such that coherent diffraction cannot take 
place between atoms more than a few hundred ~ngstrSm units apart, and the assumption of small 
amounts of bending in the coherently diffracting region gives a good approximation even for highly 
bent clay-mineral crystals. 

The profiles of the broad hit bands observed in X-ray powder patterns of metahalloysite were 
calculated. The assumption that the crystallites are bent about a single axis improved the agreement 
with the measurements of Brindley & Robinson (1948). 

I t  is shown that some results obtained in electron-diffraction structure analyses of single crystals 
may be explained on the assumption of very small amounts of bending and that such an assumption 
may provide an explanation for the apparent discrepancy between theoretical prediction and ex- 
perimental evidence on the range of application of electron-diffraction structure-analysis methods 
for both polycrystalline and single-crystal samples. 

1. I n t r o d u c t i o n  

In  the course of the electron-diffraction observations 
of clay minerals  which are reported in another paper 
(Cowley & Goswami, 1961) the intensities observed 
showed some surprising features. The hk0 spot pat- 
terns obtained from single silicate-layer sheets of 
montmori l lonite ,  or from aggregations of a small  
number  of silicate layers, often showed hexagonal  
symmet ry  whereas the structure of montmori l loni te  
which has been proposed on the basis of the X-ray  
da ta  avai lable  should give no more than  a two-fold 
symmet ry  in such patterns.  I t  is possible to postulate 
stacking sequences of silicate layers of the mont- 
morillonite type which would give a hexagonal  spot 
pa t te rn  but  the relative intensities calculated from 
such models show poor agreement  with those observed. 
Also there is l i t t le evidence tha t  any  regular stacking 
of the silicate layers exists in the montmori l loni te  
samples used. 

An explanat ion of these observations has been found 
by assuming tha t  the crystallites are appreciably bent  
within the range for which the diffracted radiat ion is 
effectively coherent. On the same basis we have been 
able to provide adequate explanat ions for some 
apparent  discrepancies in previous X-ray-diffract ion 
observations on clay minerals  and some earlier elec- 
tron-diffraction results. In  the present paper we 
discuss these lat ter  points and give the theoretical 
basis for our interpretations.  

Detai led theoretical t rea tments  of diffraction from 
simple cylindrical ly-bent  crystals have been made by 

a number  of authors including Fock & Kolp insky  
(1940), Wilson (1949), Blackman (1951), Whi t t ake r  
(1955, and previous papers ment ioned there), Waser  
(1955) and Kunze  (1956). All of these t rea tments  
involve considerable mathemat ica l  complexity partic- 
ular ly  if, for comparison with experiment,  some sort 
of averaging of the results over a range of radi i  of 
curvature of the crystals were required. Even  greater 
complexi ty would result  if bending about  two axes 
were considered. The question arises whether  under  
normal  experimental  conditions some simplif ication of 
the system is just if iable so tha t  the mathemat ics  m a y  
be simplified and the computat ion involved m a y  be 
less formidable. 

An assumption which is common to the above 
t rea tments  is tha t  the rat iat ion incident  on the dif- 
fracting system is completely coherent. This is not  
necessarily so. Whether  we consider X-rays or elec- 
trons, chromatic coherence of the radiat ion m a y  
usually be assumed, but  the diameter  of the source of 
radiat ion and its distance from the object are usually 
such tha t  only part ial  geometric coherence can be 
assumed. From the discussion in a subsequent par- 
agraph and Fig. 2 we deduce tha t  for most cases of 
interest  the dimensions of the regions over which the 
incident  radiat ion can be considered coherent are 
smaller than  the radii  of curvature for the bending 
of the crystals. I t  is then possible to make the assump- 
tion that  only small  bending angles need be considered. 
This leads to a simplified mathemat ica l  t r ea tment  
which allows ready evaluat ion of diffraction inten- 
sities. I t  also provides the basis for a concept, tha t  of 
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a limited coherence length in the beam direction due 
to the bending, which allows a rapid qualitative 
appreciation of the nature of changes to be expected 
in any particular circumstances when crystals are bent. 

2. Diffraction by bent  crysta ls  

We consider coherent diffraction from a portion of a 
bent crystal such as that  shown in Fig. 1. The extent 
of the crystal portion considered, if not limited by 
crystal boundaries, may be taken as the region for 
which the incident radiation may be assumed coherent 
with that  passing through the centre of the crystal 
portion. We assume that  within this crystal portion 
the total angle through which the lattice planes are 
bent is small, i.e. sufficiently small to allow us to 
neglect higher powers of the angle than the second and, 
if necessary, to take an average of terms of power two. 
Then the variation in length of the vectors between 
neighboring atoms will be negligible, but the variation 
of direction of such vectors will be important. 
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Fig. 1. An elastically ben t  por t ion of a crystal  latt ice,  its 
Pa t t e r son  funct ion,  and  the  approx imat ion  to an  arc used 
in calculations. 

Instead of attempting a Fourier transform of the 
bent crystal portion, we consider the (non-periodic) 
Patterson function of this portion and calculate the 
diffraction intensity from the Fourier transform of 
that. The form of the Patterson function corresponding 
to a simple lattice bent about one axis is illustrated 
in Fig. 1. Each Patterson peak is spread out over an 
arc, centred on the origin, the length of the arc being 
proportional to the distance from the origin. The exact 
distribution along the arc will depend on the dimen- 
sions of the crystal portion and the nature of the 
bending which is not necessarily uniform. Since the 
total angle of bending is small, each arc may be 
approximated by a straight line segment parallel to 
the central part of the arc and very slightly nearer 
the origin, as is suggested by the small sketch in Fig. I. 

Suppose that the Patterson function for the unbent 
crystal consists of a set of peaks of weight and form 
given by wl (r) at positions defined by the vectors, ri, 
of magnitude ri, i.e. 

P(r)=Z~w~(r) , 6 ( r - r d .  (1) 

If the lattice is bent about the x axis (with unit vector i) 
of a set of orthogonal axes, each Patterson peak is 
spread along an arc which may be approximated by 
a line segment in the direction of (r x i). The distribu- 
tion of relative weight along this line segment may be 
represented by a normalized function gi. x (p/rd where 
p is the distance along the arc. Then the Patterson 
function for the bent crystal is given by 

P(r) = Z~wi (r) , d ( r -  r~) 

. fgi, x (p / rd .d{r - ( r~x i )p / r i } .dp .  (2) 

The reciprocal-space intensity function is given by 
the Fourier transform of the Patterson function, thus" 

I(s) = I P(r) .exp {2~i r . s ) .d r  

= Zi W~(s) exp {2~ir~.s) 

x I g~,,~(p/rd .exp {2~i((r~ × i).s)p/r~).dp 

= Z~ W~(s).r~G~,x((r~ x i ) .s) .exp {2~i(r i .s)) ,  (3) 

where W~ (s) is the Fourier transform of wi(r) i.e. the 
scattering factor corresponding to a Patterson peak, 
and Gi, x (s) is the Fourier transform of g~, x (p). Thus 
the contribution of the Patterson peak at r~ to the 
intensity at a reciprocal-lattice point defined by s 
is modified according to its position relative to the 
x axis. 

If the lattice is also bent about the y axis, the 
Patterson function of (2) is further convoluted with 
a term of the form 

I g~' y(qlrd, d ( r - ( r ~  x j).q/r 0 i d q  ~ 

where j is the unit vector along the y axis and g~, y (q/r d 
gives the spread of the ith Patterson peak in a direc- 
tion perpendicular to the y axis in terms of the 
parameter q. 

Then the intensity becomes 

/ ( s )  = 27~ Wf (s) .  ri ~. Gi, ~ ((ri  x i ) .  s)  
xe~ ,y ( ( r i x j ) . s ) . exp  {2~i(r~.s)}. (4) 

Similarly, if bending also occurs about the z axis 
(unit vector k), we multiply by a further term, 

r iG, , z ( (r ixk) . s ) .  

Usually the volume of specimen irradiated is very 
much greater than the coherently diffracting crystal 
portion considered above. The intensity is then given 
by summing the intensities corresponding to all such 
crystal portions, and the functions G~, ~, etc. may be 
replaced by averaged functions. The coherence func- 
tion, defined below, will usually have a form for which 
a Gaussian curve is a fair approximation. The aver- 
aging involved when the crystals are bent in an 
irregular manner or have irregular shape makes this 
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approximat ion  still more appropriate.  We therefore 
make the assumption tha t  the functions gi, x have the 
same form for all r i  and m a y  be approximated  by a 
Gaussian dis t r ibut ion 

g~, x (p/r~) = (c/~r½ri). exp ( - c~p2/ri 2) . 

The half-width of this distribution, proportional to 
r~/c, is a measure of the amount  of bending within a 
coherently diffracting region and so depends on both 
the distortion present in the crystals and the conditions 
of irradiation. 

Then 

riG~,x((rt × i ) . s )  = exp { - ( ~ r 2 / c 2 ) ( ( r i × i ) . s ) 2 } .  

In  some special cases the average bending m a y  be 
considered as being the same about all axes. For equal  
bending about  each of three perpendicular  axes 

I(s) = ZiW~(s) .exp {2stirs.s} 
x exp [ -  (~2/c2){((rt × i).s)2 

+((r~ × j).s)2 + ((r~ × k). s)2}] 

= Z~W~(s).exp {2~ir~.s}.exp { -  (~2/c2)(r~ × s)2).  

(5) 
For th in  sheet-like crystals, such as those of m a n y  

clay minerals,  we m a y  usual ly assume tha t  bending 
takes place pr incipal ly  about  two axes in the plane 
of the crystal  sheets. The appropriate in tensi ty  for- 
mula  is thus 

I(s) = Z~Wi (s) exp {2stirs. s} 
×exp  [ - ( s t2 /c~){( ( r~×i ) . s )~+( ( r ,× j ) . s )2}] .  (6) 

If  we are concerned with the hkO single-crystal 
electron-diffraction spot pat terns  obtained with the 
beam approximate ly  perpendicular  to the crystal 
sheets, and the s vector lying in the x - y  plane, this  
reduces to 

I(s) = Z'~Wi (s). exp {2~ir i .  s} 
× exp [ -  (ze~/c ~) (s2r~ ~" cos ~' a)] , (7) 

where c~ is the angle made by r~ with the z axis. Thus 
the contr ibution of a Pat terson peak to the in tens i ty  
function depends on its z-coordinate, z~. If  the uni t  
cell is not too small  in the c direction, the bending m a y  
introduce changes of effective weight of the Pat terson 
peaks which are appreciable wi thin  the unit-cell  
dimensions. The intensity of the hkO reflections will 
then be appreciably changed. 

In  powder pat terns from assemblies of small  plate- 
like crystals which are bent  in this way, equation (7) 
m a y  be applied to the hk0 lines. For hkl  reflections 
with 1 small  we m a y  consider tha t  s makes a small  
angle, ~,, with the x - y  plane. Then it  is readily shown 
tha t  the f inal  exponent ial  of equation (7) becomes, 
approximately,  

exp { -  (ze~/c2)s~ri 2 cos 2 a(1 +2~, tan  a . cos  v)} , (8) 

where v is the angle between the projections of r~ 

S F R O M  B E N T  C R Y S T A L S  

and s on the x-y plane. The additional term may be 
interpreted as implying that the contributions of the 
Patterson peaks to the intensity depend on their 
distances from a plane tilted through an angle ~ with 
respect to the x-y plane, rather than on their distances 
from the x-y plane itself. Taking into account that 
contributions to any one diffraction ring usually come 
from several Patterson peaks with different values of 
the angle v, this additional term may be neglected 
if the angle ~ is small and if the accuracy required in 
intensity calculations is not great. 

From equation (7) it is seen that Patterson peaks 
with z coordinates greater than a certain value, say z0, 
determined by the average bending or disorientation 
of the crystals, give a negligible contribution. Hence 
the relative positions of a pair of atoms with z coor- 
dinates differing by more than z0 do not influence the 
intensity distribution. Such pairs of atoms may then 
be regarded as diffracting incoherently. We may 
therefore say that the effect of bending or misorienta- 
tion of crystals by small rotations about the x and y 
axes is to introduce a limitation to the range in the 
z direction over which coherent diffraction can take 
place. By use of this concept it is easy to obtain a 
rapid appreciat ion of the effect of bending on the 
symmet ry  and relat ive intensit ies of diffraction pat- 
terns. 

As an example  we consider the case in which the 
bending and misorientat ion causes the Pat terson peak 
to be spread over an arc subtending ten degrees at 
the origin so that ,  in equation (7) we put  c ~ 10. 
Then for a reflection with So = 1 •-1 the Gaussian term 
in equation (7) has a half  width of about  6 A, and a 
Pat terson peak has very little influence on the in tens i ty  
distr ibut ion if its z coordinate is more than  3 J~. Thus 
layers of atoms separated by more than  3 A in the  
z direction will, in effect, diffract incoherently.  

For montmorillolfite,  the silicate layer  consists of a 
layer of A1-O octahedra sandwiched between two 
layers of Si-O tetrahedra.  Each of these sub-layers 
has hexagonal  symmetry ,  but  in the composite layer  
they  are so stacked tha t  they  give a monoclinic 
structure with, at  best, a plane of reflection. The 
concentrations of scattering mat te r  of the three sub- 
layers are about  3 A apar t  in the z direction. Hence 
under  the above conditions we can assume, as a first 
approximation,  tha t  the three sub-layers will diffract 
independently. Each will give a hexagonal diffraction 
pattern.  Hence the total  diffraction pat tern  will have 
hexagonal  symmetry .  

3. Coherence  of i l l u m i n a t i o n  

It is now necessary to demonstrate that our small- 
bending-angle approximation is justified under normal 
experimental conditions because of the limited range 
over which the incident radiation may be regarded as 
coherent. This may be done by estimating the coher- 
ence either approximately by elementary methods or 
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more exactly by using, for example, the method of 
Cowley & Noodle (1959a). 

For the purposes of diffraction experiments we may 
define the coherence of the radiation used as its 
ability to produce diffraction effects. As a measure 
of coherence we consider the contrast of the diffraction 
fringes produced in an idealized Young's fringe ex- 
periment. If the relative coherence of the radiation at 
two points, separated by a distance X in a direction 
perpendicular to the beam, is to be found we imagine 
that  the" incident radiation is blocked by screens except 
for two d-function apertures at these two points. The 
contrast of the fringes given by interference of the 
radiation from these two apertures is then a measure 
of the relative coherence. If the radiation is uniform 
over the whole diffracting system the  contrast so 
measured will be a function of X only, and not of the 
positions of the two points. 

I t  is therefore possible to define a coherence function 
giving the relative coherence as a function of X for 
any two points. The range of X values over which 
their coherence function has an appreciable value we 
call the 'lateral coherence range'. 

I t  can readily be shown that  this coherence function 
is identical with the correlation function, for the points 
x and X+x, of the wave function, ~v(x), of the incident 
wave, given by @(x).v2*(X+x)). 

The coherence function for the experimental ar- 
rangements treated by Cowley & Moodie (1959a) or 
for any more elaborate arrangement may be obtained 
either by replacing the diffracting object, q2(x), by a 
pair of apertures of variable spacing or by finding the 
auto-correlation function for the wave function at the 
q2(x) position. In particular if we assume that the 
effective source of radiation has a Gaussian distribu- 
tion of intensity with a width a measured at 1/e of 
the maximum intensity, and this irradiates a specimen 
at a distance R, with no intermediate apertures or 
lenses, the coherence function at the 'specimen is 
again a Gaussian function with a width, which may 
be taken to represent the coherence range, given by 

A = 2 R 2 / ~ .  (9) 

This formula was derived for forward scattering from 
two-dimensional objects and is not immediately ap- 
plicable to the high-angle scattering from three- 
dimensional crystals met in X-ray diffraction ex- 
periments. Since we are here dealing only with very 
thin crystals it may be assumed to apply reasonably 
well. 

For most X-ray and electron-diffraction experiments 
it will be sufficient to take the effective source size 
to be the diameter of either the source or of a limiting 
aperture, whichever subtends the smaller angle at the 
specimen. In Fig. 2 we have plotted the relation 
between source diameter and coherence range for 
50 kV. electrons and Cu Kc~ X-rays for various 
source-to-specimen distances. The regions which cor- 
respond approximately to the experimental arrange- 
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u ~'T 10 cm \ \  

/30 cm \ \ x ~ .  
lOptlOcm~-~ "\..%~hLHigh resolution 

/ \ ~ \.N~t2 work 
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coherance / I'Yx41 \ 'g?X K"~\ 

/ probe v I A  \ \ "Ox  \ \ 

10 At micr°'diffracti°n" ~ ~  } Xur~ys 
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Fig. 2. Indicating the approximate values for the lateral 
coherence range under various experimental conditions. 

ments most commonly employed are shown shaded. 
From this figure it appears that, for the experimental 
arrangements normally used for powder or single- 
crystal X-ray diffraction work, for the usual low- 
resolution electron-diffraction and for electron-probe 
micro-diffraction methods of single-crystal studies 
(Cowley, 1953a), the coherence range is of the order 
of 100 to 1000/~. Only when special attempts are made 
to obtain high-resolution conditions is the coherence 
range appreciably greater than this. For some high- 
resolution X-ray diffraction experiments, coherence 
ranges approaching 100# are possible. 

For clay minerals, electron microscopy provides 
evidence that  the thin crystals are frequently bent. 
An extreme example is provided by the observation 
by Honjo & Mihama (1954), Taggart, Milligan & Studer 
(see Waser, 1955) and others, that  thin halloysite 
silicate sheets appear to be rolled into cylinders with 
diameters of the order of 1000 /~. If such crystals are 
illuminated with radiation having a coherence range 
of only a few hundred /~, the angle of bending will 
be of the order of 10-30 °. Hence even in this ease our 
methods will be adequate to give at least an ap- 
proximate account of the diffraction patterns. If we 
assume that, in general, the radii of curvature of the 
bent or distorted silicate layers are not less than in 
the ease of halloysite our method should be applicable 
for most diffraction studies of clay minerals. For 
other better-ordered crystals the curvature is much 
less, the bending within the coherence range will be 
no more than a few degrees and our method should be 
quite accurate. 

4. Application to metahal loysi te  

The clay minerals for which the bending should be 
greatest are those with very little apparent order in 
the stacking of the silicate layers. Such minerals give 
X-ray powder patterns consisting of relatively sharp 
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001 reflections and broad h/c bands. The only detailed 
measurements of the intensity distribution of the 
bands seem to be those of Brindley & Robinson (1948) 
on metahalloysite. These authors calculated theoretical 
band profiles using the method of Warren (1941) 
assuming that  the sample consisted of small plate-like 
crystals, one silicate layer thick, in random orienta- 
tion. They obtained a fair measure of agreement with 
their observations, but marked anomalies remained. 
The width of the 06,33 band, for example, appeared 
to be nearly twice that predicted by the theory. 

0 ~.. ~_~ ~.~ ~_~ /~_~-- z = 3"28 

Si - ~ " ~  -- ~ " ~  - - z =  2-68A 

0 - -  z = 1 "09 ,/k 

AI - - z = 0  

0 - -  z = -  1"10,~ 

7 ao q 

Fig. 3. A projection of the lattice structure 
assumed for metahalloysite. 

It  seems clear that the anomalous width of the 06,33 
band is readily explained on the assumption of bending 
of the crystals. This would have the effect of decreasing 
the effective layer thickness and so lead to a more 
gradual fall-off of scattering power with l' along the 
06/' and 33/' reciprocal-lattice lines. We have therefore 
repeated Brindley & Robinson's calculations, taking 
the possibility of bending into account. 

The lattice dimensions assumed, b--8.90 and a =  
b/3½=5.14 t~. are those of Brindley & Robinson. For 
purposes of calculation an artificial c' axis of 30 A, 
perpendicular to the a and b axes, was used. The 
z coordinates of the atoms, shown in Fig. 3, were 
taken to be equivalent to the mean z coordinates for 
each layer of atoms found by Newnham & Brindley 
(1956) for dickite. The x and y coordinates taken 
were those corresponding to an idealized structure with 
no distortion of the oxygen layers from perfect hex- 
agonal nets, since no distortions of the oxygen layers 
have been established for metahalloysite and any such 
distortion would give relative intensity changes within 
any one line profile which were small compared with 
the bending effects. The assumption that  the crystals 
were unbent and only one silicate layer in thickness 
gave the intensity profiles shown by the continuous 
line in Fig. 4, and the dotted lines in Figs. 5 and 6. 
For the 02,11 profile, Fig. 4, and the 06,33 profile, 
Fig. 5, our calculations agree with those of Brindley 
& Robinson. For the 20,13 profile, although the 
calculated variation of scattering power with l' is the 
same, our profile is much narrower than theirs. It  

. Expt. (B+R) 
Theory  

[ I  (coherent  or  incoherent)  
300. 

I (2 o) ( 

/ 
~ ' - - - - . .  o 2 6 1'0 

~ "  l (c'-- 30 A) 
I I I 

9 1 '2 1 '5 
0 (degrees) 

Fig. 4. The variation of scattering power with l' and 
the profile for the 02,11 band of metahalloysite. 

does, however, agree with theirs in failing to predict 
the observed clear division of the profile into one sharp 
and one broad maximum. In our calculations we 
assume the average crystal size L = 150/~ which seemed 
to give the best fit for the low-angle part of the 
02,11 profile. 

In the pattern from randomly oriented crystallites 
the h, k bands contain contributions from crystals at 
all angles to the incident beam. If we neglect the high- 
angle tails, however, we can say that  the principal 
portions of the profile correspond to vectors s making 
only small angles with the plane of the silicate sheets. 
Equation (7) may thus be used as a basis for the inten- 
sity calculations as a first approximation, bearing in 
mind that agreement with observation cannot be 
expected for the high-angle tails of the bands. 

if  it is assumed that, within the lateral-coherence 
range of the illumination the average deviation in 
orientation from the average is of the order of 10 °, 
the maximum distance between two layers of atoms 
which can diffract coherently is about 3 A for the 02,11 
reflections and about 1 /~ for the 06,33 reflections. 
Calculation shows that for the 02,11 reflections the 
intensities are very nearly independent of the amount 
of bending unless the distances between coherently 
diffracting planes is less than about 2 ~. Hence the 
variation of scattering power with l' and the line profile 
shown in Fig. 4 as continuous lines apply equally to 
bent and unbent crystals. Assuming an average size 
L = l h 0  _~ gives good agreement with the measure- 
ments of Brindley & Robinson except on the high- 
angle side. 

For the 20,13 profile, the assumption that  the 
bending is the same in all directions does not give 
good agreement with the experimental profile. As for 
unbent crystals the profile is not resolved into two 
distinct maxima; in order to account for the observed 
features it is necessary to make a more specific 
assumption concerning the nature of the bending. 
Electron-microscope observations indicate that  meta- 
halloysite crystals are usually bent about a single axis, 
sometimes forming complete cylinders. If we assume 
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@ (degrees) 

Fig. 5. The type  of bending assumed,  the  var ia t ion of scat ter ing 
power with l" and  the profile for the 20,13 band  of meta-  
halloysite.  

that  the axis of bending is, for example, the [110] axis 
of our imaginary orthorhombic cell the bending will 
be effectively zero for the (130) planes but great for 
the (20/') and (13/') planes. The variation of scattering 
power with l' is therefore almost constant for 20/' and 
13l' but more like that  for an unbent layer for 13/. 
Adding separately the contributions from the different 
type of planes then gives fair agreement with the 
experimentally obtained profile. The agreement is 
improved still further if it is assumed tha t  some order 
exists between adjacent silicate layers so tha t  the 
maximum due to 13/' is sharpened. The full-line profile 
of Fig. 5 is calculated on the assumption that  the 
silicate layers are ordered in pairs with a shift of a/6 
between them. This gives, in fact, too definite a 
separation of the two maxima in the profile. 

150 

lOO 

1(2o) 

50 

- - - -Expt .  (B+R) 
...... Full layer 

,.Separate atomic layers 
\ (bent crystal) 

2 ", 

/ . .. k 
.. ".,. \ 

0 2 6 10 
l'(c'= 30 A) 

0 (degrees) 

Fig. 6. The var ia t ion of scat ter ing power with  l' and the  profile 
for the 06,33 band  of metahal loysi te .  

If we make the same assumption of uniaxial bending 
for the 06,33 reflections we see tha t  the effective 
degree of bending is high for all contributing planes, 
and for each an effective incoherence between layers 
of atoms only about 1 _~ apart  implies that  each 

individual layer of oxygen or metal atoms must be 
considered as diffracting separately. The scattering 
power along the 06/' and 33/' reciprocal-lattice lines 
is therefore almost independent of l', whereas for the 
full layer it falls off very sharply with l', as shown in 
Fig. 6. The line profile is therefore much broader and 
agrees well with the experimental profile except in 
the higher-angle region. 

:By making suitable assumptions about the structure 
of the silicate layer, the ordering between the silicate 
layers and the amount and nature of the bending 
present it would be possible to fit the experimental 
curves at exactly as desired. This is true also if it is 
assumed that bending takes place about the [100] 
axis rather than the [ll0]. The limitations to the 
accuracy of the experimental data and the lack of 
precise information on the structure of the crystals 
and the nature of their deformations make any further 
calculations pointless. The calculations we have made 
indicate that even in this extreme case of bending our 
methods can give an adequate explanation for all the 
observed features of the band profiles without re- 
quiring any unreasonable assumptions. 

5. Impl ica t ions  for s t r u c t u r e  ana lys i s  

From the above considerations it will be obvious that 
any attempt to derive detailed structural information 
from the band profiles of X-ray diffraction patterns 
from such highly disordered clay minerals must fail 
unless detailed information on the morphology of the 
crystals in the sample is available. For electron- 
diffraction patterns from oriented polycrystalline 
material and single-crystal patterns obtained by 
electron micro-probe techniques this is also true, 
although here the possibility exists of deriving some 
information concerning the variation in orientation 
and particle size from the diffraction patterns. The 
main source of morphological data, however, must 
always be electron-microscope observations such as 
those mentioned above. Even in the most favourable 
cases, if the bending is great enough to affect the 
relative intensities of reflections appreciably an ad- 
ditional variable has been introduced and allowance 
must be made for it in interpreting intensities. 

It seems probable that relative intensities of reflec- 
tions will be affected to the same extent as the relative 
heights of Patterson peaks within one unit cell of the 
Patterson function. If we assume that the height of 
a Patterson peak is appreciably changed if the centre 
Of the peak is spread over an are 0.I /~ long, for a 
unit-cell dimension of i0 ~ the relative intensities may 
be changed by a bending of l0 -2 radians or ½ degree 
over a distance equal to the lateral coherence range 
i.e. usually less than 1000 /~. This corresponds to a 
radius of curvature of about 10#. Under high-resolu- 
tion conditions this radius may be increased to 1 mm. 
or more. 

There seems to be little doubt that bending effects 
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have been present and have influenced the results, 
sometimes favourably and sometimes unfavourably, 
in previous electron-diffraction structure analysis in- 
vestigations by both the 'oblique texture' and the 
single-crystal methods. The crystals studied have fre- 
quently been in the form of very thin flakes, since the 
average crystal thickness in the beam direction must 
necessarily be limited to a few hundred /~ngstr6ms. 
For such crystals any form of mechanical support or 
overlapping can introduce bends of a few degrees. 

As an example we consider the structure analysis of 
disordered boric acid crystals (Cowley, 1953b). Because 
some disorder exists in the stacking of layers the unit 
cell could be taken as including only one averaged 
layer of atoms perpendicular to the beam. The relative 
intensities of the hie0 spots were therefore not affected 
by any bending present. The effect of bending would 
have been to modify the distribution function which 
was used to define the set of relative translations 
between the origins of successive layers. Although the 
method used in deriving the average layer structure 
and distribution function is under review, and some 
details of the results may thereby be modified, it seems 
likely that  the main conclusions drawn from them 
remain valid. From the distribution function it was 
deduced that  a given origin layer gave coherent 
diffraction with only three or four layers on each side 
of it. I t  now appears likely that  this limited range of 
coherent diffraction can be attributed almost entirely 
to a bending of the crystal. In this way we can avoid 
the rather unsatisfactory assumption that stacking 
disorders exist in which adjacent planes of atoms are 
displaced by arbitrary amounts but retain their rel- 
ative orientations. The bending required to produce 
the observed effect is of the order of one degree within 
the lateral coherence range, which was probably a few 
hundred ~ngstrSms. 

I t  seems probable that  the effective range or order 
has been reduced in the same way in the structural 
studies of ferric chloride--graphite compounds (Cowley 
& Ibers, 1956) and basic lead carbonate (Cowley, 1956). 
In the latter case the occurrence of a long effective 
c-axis probably led to a modification of the relative 
intensities, which may have given rise to the apparent 
differences in the details of the structure at the top 
and bottom of the complex layers. 

In all the above considerations we have assumed 
purely kinematic diffraction conditions. Particularly 
for electron diffraction this is a serious limitation since 
the kinematic theory does not represent the true 
limiting case of diffraction theory for crystal thick- 
nesses tending to zero, and gives a good approximation 
to the diffraction intensities for very thin crystals only 
if no heavy atoms are present. Our theoretical treat- 
ment may be applied to a limited extent if, instead of 
the kinematic theory, we use the phase-grating ap- 
proximation of Cowley & Moodie (1959b) which repre- 
sents a correct limiting form of the theory for small 
thicknesses, since the intensities may still be expressed 

D I F F R A C T I O N  I N T E N S I T I E S  FROM BENT CRYSTALS 

in terms of the projection of a Patterson function in 
favourable circumstances. Careful intensity measure- 
ments on thin crystals of BiOC1, for which deviations 
from kinematic scattering are appreciable (Cowley & 
Kuwabara, 1961) confirmed that our treatment could 
be applied to that compound. 

For thick crystals, the validity of our conclusion 
that  the effective coherently-diffracting thickness of 
a crystal is reduced by bending could only be proved 
by use of the full dynamic theory applied to bent 
crystals. There is some limited experimental evidence 
from X-ray diffraction experiments that  it may be at 
least approximately valid. For example White (1950) 
showed that bending of a quartz crystal increased the 
integrated intensity of an X-ray reflection from the 
perfect crystal value to very nearly the 'ideally im- 
perfect' crystal, kinematic, value. Fukushima (1933) 
reported that  elastic strain increases the intensity of 
reflection of an X-ray beam transmitted through a 
quartz crystal. 

No equivalent observations seem to have been 
reported for the electron case. Perhaps the most 
valuable tests in this respect would be an extension 
of the observations of the 'shape transform' fine 
structure of electron-diffraction spots from bent lamel- 
lar crystals by Uyeda, Ichinokawa & Fukano (1954) 
and more recently by Hashimoto, Yoda & Mannami 
(private communication) to crystals with a much 
smaller radius of curvature. 

If we can, in fact, make the assumption that  bending 
can reduce the effective thickness so that the scattering 
approximates to kinematic instead of being dynamic 
in the electron-diffraction case, the implications for 
structure analysis experiments are considerable. Only 
a small amount of bending, of the order of a fraction 
of a degree over a range of 1000 A or so, would be 
sufficient to reduce the effective crystal thickness to 
a few hundred /~ngstrSms or less, i.e. to a value for 
which the kinematic theory or the phase-grating 
approximation should provide a reasonable account of 
the intensities of electron-diffraction patterns from 
polycrystalline specimens or single crystals. 

The most important objection which was raised to 
the pioneer work on electron-diffraction structure 
analysis by Pinsker and his co-workers and later work 
in this field was that  the apparent thickness of the 
crystals used was not always less than the limits set 
for kinematic di~fractlon by theoretical treatments 
such as those of Blackman (1939). The crystals 
investigated frequently had a layer-lattice structure 
and probably were very thin and flexible so that  some 
bending seems probable. A sufficient amount of bend- 
ing or equivalent mosaic disorientation is well within 
the spread in orientations deduced from the published 
patterns (usually at least one or two degrees). I t  may 
be that in the presence of such bending lies the 
justification for the use of the kinematic theory as a 
basis for some of these structure analyses. 

While confirmation of these indications may have 
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the  effect of extending the range of the  methods of 
electron-diffract ion s t ructure  analysis beyond t ha t  
admi t t ed  by earlier theoret ical  work, it must  be born 
in mind tha t ,  as for montmori l loni te ,  ment ioned in 
the  In t roduct ion ,  excessive bending can render diffi- 
cult  or impossible a s t ructure analysis in the con- 
vent ional  sense of the term. This provides an addi- 
t ional  a rgument  for the requirement  t ha t  any  quanti-  
t a t ive  electron-diffraction work should be accompanied 
by detai led and careful electron-microscope examina- 
t ion of the specimen. 
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CrC12 is found to have an orthorhombic unit  cell, Pnnm, with 

a0=6.64_+0.01 , b0=5.98+_0"01, c0=3.48_+0.01/~. 

The cell contains the equivalent of two CrC12 groups in which chromium(II) is surrounded by an 
elongated octahedron of halogens. The structure consists of interacting planar chains in which 
chromium ions are bridged by two chloride ions. 

Chromium(II)  chloride is the  only dichloride of the  
first row t rans i t ion  metals for which the crystal  
s t ructure  has not  been reported. H a n d y  & Gregory 
(1951) observed t ha t  X-ray  powder diagrams could be 
indexed on the basis of an or thorhombic  uni t  cell, 

* From the Ph.D. thesis of JWT, University of Washington, 
1960; present address Northwest Nazarene College, Nampa, 
Idaho. Financial support for the work at Seattle was received 
from the Office of Ordnance Research, U.S. Army. 

6.65 x 5.99 × 3.48 ~3, and t h a t  the s t ructure  appeared 
to be of a deformed ruti le type,  similar to CaC12; 
however the  a tomic positions were not  determined.  
I t  became known to the authors  of the  present  paper  
t ha t  the s t ructure  had  recent ly  been dete.rmined 
independent ly  and at  pract ical ly  the same t ime in 
four different laboratories;  hence results will be re- 
por ted under  jo int  authorship.  


